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ABSTRACT

It is well known that standard asymptotic theory is not applicable or is very unreliable in models
with identification problems or weak instruments. One possible way out consists here in using a
variant of the Anderson-Rubin (1949, AR) procedure. The latter allows one to build exact tests
and confidence sets only for the full vector of the coefficients of the endogenous explanatory vari-
ables in a structural equation, but not for individual coefficients. This problem may in principle
be overcome by using projection techniques [Dufour (1997), Dufour and Jasiak (2001)]. At first
sight, however, these techniques can be implemented only by using costly numerical methods. In
this paper, we give a general necessary and sufficient condition which allows one to check whether
an AR-type confidence set is bounded. Further, we also provide an analytic solution to the problem
of building projection-based confidence sets from AR-type confidence sets. The latter involves the
geometric properties of “quadrics” and can be viewed as an extension of usual confidence intervals
and ellipsoids. Only least squares techniques are required for building confidence intervals.

Key words : Simultaneous equations; structural model; instrumental variable; weak instrument;
confidence interval; testing; projection; exact inference; asymptotic theory.

i



Contents

1. Introduction 1

2. Framework 2

3. Anderson-Rubin-type confidence sets 3

4. Geometry of quadric confidence sets 4
4.1. Nonsingular concentration matrix . . . . . . . . . . . . . . . . . . . . . . . . . 5
4.2. Singular concentration matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
4.3. Necessary and sufficient condition for bounded quadric confidence set . . . . . . 6

5. Confidence sets for transformations of β 7

6. Conclusion 8

A. Appendix: Proofs 9

List of Propositions and Theorems

Proof of Theorem 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Proof of Theorem 5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Proof of Theorem 5.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

ii



1. Introduction

One of the classic problems of econometrics consists in making inference on the coefficients of
structural models. Recently, the statistical problems raised by such models have received new at-
tention in view of the observation that proposed instruments are often “weak”, i.e. poorly correlated
with the relevant endogenous variables, which corresponds to situations where the structural para-
meters are close to being not identifiable (given the instruments used). The literature on this topic
is now considerable; see the reviews of Stock, Wright, and Yogo (2002) and Dufour (2003).

In view of the unreliability of asymptotic arguments in such setups, we focus here on procedures
for which finite-sample pivotality obtains under standard assumptions. The oldest one appears to
be the statistic proposed by Anderson and Rubin (1949, henceforth AR). The latter is a limited-
information method which allows one to test an hypothesis setting the full vector of the endogenous
explanatory variable coefficients in a linear structural equation; under usual parametric assumptions
(error Gaussianity, instrument strict exogeneity) the distribution of the statistic is a central Fisher
distribution, while under weaker (standard) assumptions it is asymptotically chi-square. It is com-
pletely robust to the presence of weak instruments. Other potential pivots aimed at being robust
to weak instruments have recently been suggested by Wang and Zivot (1998), Kleibergen (2002)
and Moreira (2003). However, only asymptotic distributional theories have been supplied for these
statistics, so that the level of the procedures may not be controlled in finite samples.1

An important practical shortcoming of the above methods is that they are designed to test hy-
potheses of the form H0 : β = β0, where β is the coefficient vector for all the endogenous ex-
planatory variables. In particular, these statistics do not allow one to test linear restrictions on
the vector β. A general solution to this problem is the projection technique described in Dufour
(1990, 1997), Wang and Zivot (1998) and Dufour and Jasiak (2001). A drawback of the projection
approach comes from the fact that it can be numerically costly: for example, in Dufour and Jasiak
(2001), such confidence intervals were derived for an empirical example, but nonlinear optimization
methods [based on Fortran IMSL routines] had to be used.

In this paper, we study some general geometric features of AR-type confidence sets and we
provide a close-form solution to the problem of building projection-based confidence sets from
such sets. First, we observe that AR-type confidence sets can be described as quadrics, a class
of geometric figures which covers as special cases the usual confidence intervals and ellipsoids,
but also includes hyperboloids and paraboloids. In particular, we give a simple necessary and
sufficient condition under which such confidence sets are bounded (which indicates identifiability).
Second, we derive simple explicit expressions for projection-based confidence intervals in the case
of coefficient linear transformations, so that no search by nonlinear methods is anymore required.

In Section 2, we present the background model and the basic statistical method considered.
Section 3 presents the quadric confidence sets. In Section 4, we discuss some general properties of

1As a limited-information method, the AR procedure may involve an efficiency loss with respect to full-information
methods, but does allow for a less complete specification of the model and more robustness [for further discussion of
this point, see Dufour and Taamouti (2004)]. Note also that proposed exact or asymptotic pivots in this context typically
take for granted a number of structural restrictions which characterize the specification of the structural equation. If the
assumptions suggested by the structural model are relaxed, e.g. by considering the corresponding unrestricted reduced
form, the AR statistic as well as most other pivots may cease to be pivotal [see Forchini and Hillier (2003)]. Here, as in
most of the literature on weak instruments, we focus on the the situation where the structural restrictions are maintained.
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quadric confidence sets and provide a simple necessary and sufficient condition under which such
sets are bounded. Section 5 provides explicit projection-based confidence intervals for individual
structural parameters and linear transformations of these parameters. We conclude in Section 6.

2. Framework

We consider here a standard simultaneous equations model (SEM):

y = Y β + X1γ + u , (2.1)

Y = X1Π1 + X2Π2 + V , (2.2)

where y and Y are T × 1 and T × G matrices of endogenous variables, X1 and X2 are T × k1

and T × k2 matrices of exogenous variables, β and γ are G × 1 and k1 × 1 vectors of unknown
coefficients, Π1 and Π2 are k1×G and k2×G matrices of unknown coefficients, u = (u1, . . . , uT )′

is a vector of structural disturbances, and V = [V ′
1 , . . . , V ′

T ]′ is a T × G matrix of reduced-form
disturbances. Further,

X = [X1, X2] is a full-column rank T × k matrix (2.3)

where k = k1 + k2. Finally, to get a finite-sample distributional theory for the test statistics, we
shall use the following standard assumptions:

u and X are independent; (2.4)

u ∼ N
[
0, σ2

u IT

]
. (2.5)

In such a model, we are generally interested in making inference on β and γ. In Dufour (1997),
it is shown that, if the model is unidentified (i.e., the matrix Π2 does not have maximal rank),
any valid confidence set for β or γ must be unbounded with positive probability. This is due to
the fact that such a model may be unidentified and holds indeed even if identification restrictions
are imposed. This result explains many recent findings on the performance of standard asymptotic
statistics when the instruments X2 are weakly correlated with the endogenous explanatory variables
Y . The usual approach, which consists in inverting Wald-type statistics to obtain confidence sets,
is not valid in these situations since the resulting confidence sets are bounded with probability 1.
This is related to the fact that such statistics are not pivotal and follow distributions which depend
heavily on nuisance parameters.

A first solution to this problem [see Dufour (1997) and Staiger and Stock (1997)] consists in
using the Anderson-Rubin statistic [Anderson and Rubin (1949)]. To test H0 : β = β0 in equation
(2.1), the test statistic is given by:

AR(β0) =
(y − Y β0)′[M(X1) − M(X)](y − Y β0)/k2

(y − Y β0)′M(X)(y − Y β0)/(T − k)
(2.6)

where for any full rank matrix B, M(B) = I − P (B) and P (B) = B(B′B)−1B′ is the projection
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matrix on the space spanned by the columns of B. Under the assumptions (2.3) - (2.5), we have
under H0 : AR(β0) ∼ F (k2, T − k). This test also remains asymptotically valid under weaker
distributional assumptions, in the sense that the asymptotic null distribution of AR(β0) is χ2(k2)/k2

[see Dufour and Jasiak (2001) and Staiger and Stock (1997)]. The distributional result in (2.6) holds
irrespective on the rank of the matrix Π2, which means that tests based on AR(β0) are robust to
weak instruments. A confidence set for β with level 1 − α can also be obtained by inverting the
above test:

Cβ(α) = {β0 : AR(β0) ≤ Fα(k2, T − k)} (2.7)

where Fα(k2, T −k) is the 1−α quantile of the F distribution with (k2, T −k) degrees of freedom.
Below, we shall also consider two alternative statistics proposed by Wang and Zivot (1998). The

first one is an LR–type statistic and the second is an LM–type statistic. Under the assumptions (2.1) -
(2.5) and additional regularity conditions on the asymptotic behavior of the instruments [described
by Wang and Zivot (1998)], these two statistics follow χ2(k2) distributions asymptotically when the
model is exactly identified (k2 = G), and are bounded by a χ2(k2) distribution when the model is
over-identified (k2 > G). To test H0 : β = β0, these statistics are:

LRLIML(β0) = T [ln(k(β0)) − ln[k(β̂LIML)] , (2.8)

LM2SLS(β0) =
T (y − Y β0)′P [P [M(X1)X2]Y ](y − Y β0)

(y − Y β0)′M(X1)(y − Y β0)
, (2.9)

where k(β0) = (y − Y β0)′M(X1)(y − Y β0)/(y − Y β0)′M(X)(y − Y β0). Asymptotic and
conservative confidence sets for β can be obtained by inverting the latter tests.

A common shortcoming of all these tests is that they require one to specify the entire vector β.
In particular, they do not allow for general hypotheses of the form H0 : g(β) = 0, where g(β) may
be any transformation of β, such as g(β) = βi − βi0, where βi is any scalar component of β. In
this paper, we deal with this problem by studying the characteristics of the confidence sets obtained
by inverting such statistics, and we use them to derive confidence sets for the components of β or
linear combinations of these components. We will show that confidence sets based on the statistics
AR, LR and LM can be expressed in terms of a quadratic-linear form involving a matrix A, a
vector b and a scalar c. These sets (replacing the inequality by an equality) are known as quadrics;
see Shilov (1961, Chapter 11) and Pettofrezzo and Marcoantonio (1970, Chapters 9-10). We will
then classify possible cases as functions of A, b and c, and we will derive analytic expressions for
projection-based confidence sets (or intervals) on linear transformations of model parameters.2

3. Anderson-Rubin-type confidence sets

Let us first consider the AR statistic. A simple algebraic calculation shows that the inequality
AR(β0) ≤ Fα(k2, T − k) may be written in the following simple form:

β′
0Aβ0 + b′β0 + c ≤ 0 (3.1)

2This problem was also considered by Stock and Wright (2000), Kleibergen (2001) and Startz, Zivot, and Nelson
(2003), but the solutions provided rely on large-sample approximations and require additional identification assumptions.
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where A = Y ′HY, b = −2Y ′Hy, c = y′Hy and

H ≡ HAR = M(X1) −
[
1 +

k2Fα(k2, T − k)
T − k

]
M(X) . (3.2)

We can thus write:
Cβ(α) = {β0 : β′

0Aβ0 + b′β0 + c ≤ 0} . (3.3)

If we use the statistic LRLIML(β0) or LM2SLS(β0) instead of AR, we get analogous confidence
sets which only differ through the H matrix. For LRLIML(β0), this matrix takes the form

HLR = M(X1) − M(X) k(β̂LIML) exp[χ2
α(k2)/T ] (3.4)

while, for LM2SLS(β0), it is

HLM = P
[
P [M(X1)X2]Y

]
− M(X1)[χ2

α(k2)/T ] . (3.5)

For the AR and LR statistics, the matrix A can be written:

A = Y ′M(X1)Y − Y ′M(X)Y (1 + fα)

where fα = k2Fα(k2, T − k)/(T − k) for AR and fα = exp[χ2
α(k2)/T ]k(β̂LIML) − 1 for the

LR statistic. Clearly A is symmetric with diagonal elements of the form Aii = Y ′
i M(X1)Yi −

Y ′
i M(X)Yi (1 + fα) , where Aii is a corrected difference between the sum of squared residuals

from the regression of Yi on X1 and the sum of squared residuals from the regression of Yi on
X = [X1, X2]. This difference can be viewed as a measure of the importance of X2 in explaining
Yi, i.e. the relevance of X2 as an instrument for Yi. Similarly, c = y′Hy is a corrected difference
between the sum of squared residuals from the regression of y on X1 and the sum of squared
residuals from the regression of y on X = [X1, X2]. For the vector b, a typical element is given
by bi = −2{[M(X1)Yi]′[M(X1)y] − [M(X)Yi]′[M(X)y](1 + fα)}. The first term [multiplied
by −1/(2T )] is the sample covariance between the residuals of the regression of Yi on X1 and
the residuals of the regression of y on X1, while the second term gives the same covariance with
X1 replaced by X = [X1, X2].

4. Geometry of quadric confidence sets

The locus of points that satisfy an equation of the form β′Aβ+b′β+c = 0 ,where A is a symmetric
G × G matrix, b is a G × 1 vector and c is a scalar, constitutes a quadric surface. These include as
special cases various figures such as ellipsoids, paraboloids, hyperboloids, cones, etc. Consequently,
we shall call a confidence set of the form

Cβ = {β0 : β′
0Aβ0 + b′β0 + c ≤ 0} (4.1)

a quadric confidence set. A quadric is characterized by the sum a quadratic form (β′
0Aβ0) and

an affine transformation (b′β0 + c). Depending on the values of A, b and c, it may take several
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forms. In this section, we examine some general properties of quadric confidence sets, especially
the conditions under which such sets are bounded or unbounded. In particular, we will see that the
eigenvalues of the A matrix play a central role in these properties and that larger eigenvalues are
associated with more “concentrated” (or “smaller”) confidence sets. For these reasons, we call A
the concentration matrix at level α (or the α-concentration matrix) associated with β. It will be
convenient here to distinguish between two basic cases: the one where A is nonsingular, and the
one where it is singular. We adopt the convention that an empty set is bounded.

4.1. Nonsingular concentration matrix

If A is nonsingular, we can write:

β′
0Aβ0 + b′β0 + c =

(
β0 − β̃

)′
A

(
β0 − β̃

)
− d (4.2)

where β̃ = −1
2A−1b and d = 1

4b′A−1b − c . Since A is a real symmetric matrix, we have

A = P ′DP (4.3)

where P is an orthogonal matrix and D is a diagonal matrix whose elements are the eigenvalues of
A. The inequality β′

0Aβ0 + b′β0 + c ≤ 0 may then be reexpressed as

λ1z
2
1 + λ2z

2
2 + · · · + λGz2

G ≤ d (4.4)

where the λi’s are the eigenvalues of A and z = P (β − β̃). The transformation z = P (β − β̃)
represents a translation followed by a rotation of β, so it is clear that Cβ is bounded if and only if
(iff) Cz is bounded, where Cβ = {β : λ1z

2
1 + λ2z

2
2 + · · · + λGz2

G ≤ d and z = P (β − β̃)} and
Cz ≡ {z : λ1z

2
1 + λ2z

2
2 + · · · + λGz2

G ≤ d} . Again it will be convenient to distinguish between
three cases according to the signs of the eigenvalues of A, namely: (a) all the eigenvalues of A
are positive (λi > 0, i = 1, . . . , G), i.e. A is positive definite; (b) all the eigenvalues of A are
negative (λi < 0, i = 1, . . . , G), i.e. A is negative definite; (c) A has both positive and negative
eigenvalues, i.e. A is neither positive nor negative definite.

(a) Positive definite concentration matrix. If λi > 0, i = 1, . . . , G, the inequality (4.4) can be
reexpressed as (

z1

γ1

)2

+ · · · +
(

zG

γG

)2

≤ d (4.5)

where γi =
√

1/λi, i = 1, . . . , G. If d = 0, we have Cz = {0} and Cβ = {β̃}. If d < 0, Cz and
Cβ are empty. If d > 0, Cz is the area inside or on an ellipsoid. Thus, Cz and Cβ are bounded.

(b) Negative definite concentration matrix. If λi < 0, i = 1, . . . , G, the set Cz is the set of all
values of z that satisfy (

z1

γ1

)2

+ · · · +
(

zG

γG

)2

≥ −d (4.6)

where γi =
√
−1/λi. Since (4.6) holds as soon any |zi| is large enough, Cz and Cβ are unbounded
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sets. In particular, if d ≥ 0, we have Cβ = Cz = R
G.

(c) Concentration matrix not positive or negative definite. If A has both positive and negative
eigenvalues, we can assume, without loss of generality, that λi > 0 for i = 1 , . . . , p, and λi <
0 , for i = p + 1 , . . . , G, where 1 ≤ p < G. Inequality (4.4) may then be rewritten:

(
z1

γ1

)2

+ · · · +
(

zp

γp

)2

−
(

zp+1

γp+1

)2

− · · · −
(

zG

γG

)2

≤ d (4.7)

where p is the number of positive eigenvalues of A, γi =
√

1/λi for i = 1 , . . . , p, and γi =√
−1/λi for i = p + 1 , . . . , G. Then, for arbitrary given values of z1, . . . , zp and d, it is clear

that inequality (4.7) will hold if any of the values zi, p+1 ≤ i ≤ G, is small enough (as |zi| → ∞).
Consequently, each component of z is unbounded in Cz, and similarly for each component of β in
Cβ. This entails that Cz and Cβ are unbounded.

4.2. Singular concentration matrix

We now consider the case where A is singular with rank r (r < G). First, if A = 0 (i.e., r = 0),
it is easy to see that the only situation where Cβ can be bounded is the one where b = 0 and
c > 0 (in which case Cβ is empty). So we can focus on the case where A 	= 0, hence r ≥ 1 and
G − r ≥ 1. Without loss of generality, we can assume that the first r diagonal elements of D in the
decomposition A = P ′DP (the first r eigenvalues of A) used in (4.3) are different from zero, while
the G − r other ones are equal to zero. Then we can write:

Q(β) ≡ β′Aβ + b′β + c =
r∑

i=1

λiz
2
i +

G∑
i=r+1

δizi − d (4.8)

where the λi are the non-zero eigenvalues of A (λi 	= 0, i = 1, . . . , r), δ = Pb, z = Pβ + μ and

d = −c +
r∑

i=1

δ2
i /(4λi) , μi =

{
δi/(2λi) , if λi 	= 0 ,
0 , otherwise.

(4.9)

If b = 0, we have Q(β) =
r∑

i=1
λiz

2
i + c and the values of zr+1, . . . , zG can be as big as we wish

without affecting the value of Q(β). Then, Cβ is either empty (when c > 0 and λi > 0, i =
1, . . . , r) or unbounded (in all the other cases). If b 	= 0, there is at least one k ∈ {r + 1, . . . , G}
such that δk 	= 0. Then, we can set zj = 0 for j 	= k, and choose zk such that |zk| is arbitrarily large
and the inequality (4.4) be satisfied. This entails that Cβ is unbounded.

4.3. Necessary and sufficient condition for bounded quadric confidence set

Following Gleser and Hwang (1987) and Dufour (1997), a valid confidence set Cβ for β (with
level 1 − α) in model (2.1) - (2.5) must be unbounded with positive probability for any parameter
configuration, a probability that should be large (close to 1 − α) when the matrix Π2 does not
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have full rank (or is close to have full column rank). Given the complicated expressions of the
random matrix A, the random vector b and the random scalar c, it seems difficult to evaluate this
probability. On putting together the different cases discussed above, we get the following easy-to-
verify necessary and sufficient condition for a quadric confidence set to be bounded.

Theorem 4.1 If the matrix A is nonsingular, the set Cβ in (4.1) is bounded if and only if the matrix
A is positive definite. If A is singular, the set Cβ is bounded only when it is empty, and Cβ is empty
if and only if A is positive semidefinite, b = 0 and c > 0.

It is of interest to note here that the case where A is singular is unlikely to be met with AR-type
confidence sets such as those described in Section 3, because in this case we have A = Y ′HY,
where Y and H are T × G and T × T matrices respectively. If Y follows an absolutely continuous
distribution (as assumed in Section 2), A will be nonsingular with probability one as soon as the
rank of H is greater than or equal to G. In the rest of this paper, we will thus focus on the case of a
nonsingular concentration matrix.3

5. Confidence sets for transformations of β

We consider now a general confidence set of the form

Cβ = {β0 : β′
0Aβ0 + b′β0 + c ≤ 0} (5.1)

where c is a real scalar, A is a symmetric G × G matrix, and b is a G × 1 vector. By definition, the
associated projection-based confidence interval for the scalar function g(β) = w′β is:

Cw′β ≡ g[Cβ ] = {δ0 : δ0 = w′β0 where β′
0Aβ0 + b′β0 + c ≤ 0} (5.2)

where w is a nonzero G×1 vector. When the concentration matrix is nonsingular, all the eigenvalues
of A are different from 0. Using the transformation z = P (β − β̃), Cw′β may then be written:

Cw′β = {w′β0 : λ1z
2
1 + λ2z

2
2 + · · · + λGz2

G ≤ d and z = P (β0 − β̃)}.

Further,
w′β = w′P ′Pβ = w′P ′P (β − β̃) + w′P ′P β̃ = a′z + w′β̃ (5.3)

where a = Pw. Setting

Ca′z = {a′z : λ1z
2
1 + λ2z

2
2 + · · · + λGz2

G ≤ d} , (5.4)

it is then easy to see that, for x ∈ R,

x ∈ Cw′β ⇔ x − w′β̃ ∈ Ca′z , (5.5)

3The case where the concentration matrix is singular is discussed in a companion working paper [Dufour and Taamouti
(2004)].
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hence: Cw′β = R ⇔ Ca′z = R . We will now distinguish three cases depending on the number
of negative eigenvalues: (1) all the eigenvalues of A are positive (i.e., A is positive-definite); (2) A
has exactly one negative eigenvalue; (3) A has at least two negative eigenvalues.

When A is positive definite, Cβ is a bounded set and, correspondingly, its image g[Cβ ] by the
continuous function g(β) = w′β is also bounded. The following proposition provides an explicit
form for the projection-based confidence set Cw′β.

Theorem 5.1 Let Cβ be the set defined in (5.1), d ≡ 1
4b′A−1b−c, let w be a nonzero vector in R

G,
and suppose the matrix A is positive definite. If d ≥ 0, then

Cw′β =
[
w′β̃ −

√
d (w′A−1w) , w′β̃ +

√
d (w′A−1w)

]
(5.6)

where β̃ = −1
2A−1b. If d < 0, then Cw′β is empty.

Proofs are provided in the Appendix. Note the case where A is positive definite is one where
the instruments X2 provide additional explanatory power for Y (with respect to X1) : the number
of strong instruments is sufficient to pin down all parameters (which suggests a traditional identifi-
cation condition holds). Let us now consider the case where A has exactly one negative eigenvalue.

Theorem 5.2 Let Cβ be the set defined in (5.1), d ≡ 1
4b′A−1b − c, w ∈ R

G\{0}, and suppose the
matrix A is nonsingular with exactly one negative eigenvalue. If w′A−1w < 0 and d < 0, then

Cw′β =
]
−∞ , w′β̃ −

√
d (w′A−1w)

]
∪

[
w′β̃ +

√
d (w′A−1w) , +∞

[
. (5.7)

If w′A−1w > 0 or if w′A−1w ≤ 0 and d ≥ 0, then Cw′β = R. If w′A−1w = 0 and d < 0, then
Cw′β = R\{w′β̃}.

It is interesting to note here that Cw′β can remain informative, even if it is unbounded. In
particular, if we want to test H0 : w′β = r and consider a decision rule which rejects H0 when
r /∈ Cw′β , H0 will be rejected for all values of r outside the interval (5.7). This can be viewed
as a case where components (or linear transformations) of β are identifiable while others are not:
this suggests that the rank condition for identification fails, but some parameters may be identified.
Finally, we consider the case where A has at least two negative eigenvalues.

Theorem 5.3 Let Cβ be the set defined in (5.1) and w ∈ R
G\{0}. If the matrix A in (5.1) is

nonsingular and has at least two negative eigenvalues, then Cw′β = R.

In the latter case, the projection-based confidence set for w′β is equal to the real line, thus
uninformative. No linear combination of the elements of β appears to be identifiable.

6. Conclusion

Recent research in econometrics has shown that weak instruments are quite widespread and should
be carefully addressed. Techniques which are robust to weak instruments typically require one to
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consider first joint inference problem on all or, at least, some subvector of model parameters. This
leads to the problem of drawing inference on individual coefficients (or lower dimensional subvec-
tors). In this paper, we studied this problem from a finite-sample limited-information viewpoint and
focused on AR-type tests and confidence sets.

We observed that AR-type confidence sets belong to a class of sets defined by quadric curves
(which include ellipsoids as a special case). A simple condition for deciding whether such confi-
dence sets are bounded was derived. On observing that a projection technique does provide finite-
sample confidence sets for individual coefficients in such contexts (indeed, the only procedure for
which a finite-sample theory is currently available), we derived a close-from solution to the problem
of building projection-based confidence sets for individual structural coefficients (or linear combi-
nations of the latter) when the joint confidence set has a quadric structure in the case where the
quadratic form in the quadric (i.e., the concentration matrix) is nonsingular. The confidence sets so
obtained turn out to be as easy to compute as standard Wald-type 2SLS-based confidence intervals.
Simulation evidence on the performance of projection-based confidence sets as well as empirical
illustrations are available in Dufour and Taamouti (2004).

A. Appendix: Proofs

PROOF OF THEOREM 5.1 Consider again the decomposition A = P
′
DP as in (4.3). By (5.5),

we have, for any x0 ∈ R, x0 ∈ Cw′β ⇔x0 − w′β̃ ∈ Ca′z ,where a = Pw. Let x = x0 − w′β̃ . By
definition, x ∈ Ca′z iff there is a vector z ∈ R

G such that

z′Dz ≤ d and a′z = x . (A.1)

Further, there is a z verifying (A.1) iff the solution of the problem

min
z

z′Dz s.c. a′z = x (A.2)

verifies the constraint (A.1). If d < 0, it is clear there is no solution verifying (A.1) – for D is
positive definite – and consequently Ca′z = Cw′β = ∅. Let d ≥ 0. The Lagrangian of the problem
(A.2) is L = z′Dz+μ(x−a′z) . Since D is positive definite, the first order conditions are necessary
and sufficient. These are: 2Dz = μa and a′z = x, hence μ = 2x/(a′D−1a) , z = x/(a′D−1a)
and z′Dz = μx/2 = x2/(a′D−1a). Thus

x ∈ Ca′z ⇔ x2

a′D−1a
≤ d ⇔ |x| ≤

√
d (a′D−1a) ⇔ |x0 − w′β̃ | ≤

√
d (a′D−1a) .

On noting that a′D−1a = w′A−1w, this entails that the confidence set for w′β is given by (5.6).

PROOF OF THEOREM 5.2 As in the proof of Proposition 5.1, let us consider again the decompo-
sition (4.3), the equivalence x0 ∈ Cw′β ⇔ x0 − w′β̃ ∈ Ca′z , and set x = x0 − w′β̃ and a = Pw .
Now, x ∈ Ca′z iff there is a value of z ∈ R

G such that

a′z = a1z1 + · · · + aG−1zG−1 + aGzG = x , (A.3)

9



z′Dz = λ1z
2
1 + · · · + λG−1z

2
G−1 − |λG|z2

G ≤ d , (A.4)

where (without loss of generality) we assume that λG is the negative eigenvalue. Let a(G) =
(a1, a2, . . . , aG−1)′, z(G) = (z1, z2, . . . , zG−1)′, and D(G) = diag(λ1, λ2, . . . , λG−1)′.

If aG = 0, then a(G) 	= 0 (because w 	= 0 entails a 	= 0), and w′A−1w = a′D−1a > 0. In this
case, for any x ∈ R, we can choose z such that a1z1 + · · · + aG−1zG−1 = x and zG is sufficiently
large to ensure that (A.4) holds. Hence Ca′z = R and Cw′β = R .

We will now suppose that aG 	= 0. Then, the conditions (A.3) - (A.4) are equivalent to:

zG = (x − a′(G)z(G))/aG , (A.5)

|λG|
(

x − a′(G)z(G)

aG

)2

≥ −d + z′(G)D(G)z(G) , (A.6)

where the latter inequality can also be written as[
|λG| s2

(G) − a2
G(z′(G)D(G)z(G))

]
− 2|λG|s(G)x +

[
|λG|x2 + da2

G

]
≥ 0 (A.7)

where s(G) = a′(G)z(G). Since (A.5) always allows one to obtain (A.3) once the vector z(G) is
given, a necessary and sufficient condition for x ∈ Ca′z is the existence of a vector z(G) which
satisfies inequality (A.7). Further, such a vector z(G) does exist iff we can find a value s such
that the supremum (with respect to z(G)) of the left-hand side of (A.7) subject to the restriction
a′(G)z(G) = s is larger than zero. Consequently, we consider the problem:

min
z(G)

z′(G)D(G)z(G) s.c. a′(G)z(G) = s (A.8)

where s is some real number. Since D(G) is positive definite, the first order conditions are necessary
and sufficient to characterize a solution of (A.8). The Lagrangian for this problem is given by
L = z′(G)D(G)z(G)−μ(a′(G)z(G)−s) and the corresponding first order conditions are: 2D(G)z(G) =
μa(G) and a′(G)z(G) = s , hence

μ =
2s

a′(G)D
−1
(G)a(G)

, z(G) =
s

a′(G)D
−1
(G)a(G)

D−1
(G)a(G) , z′(G)D(G)z(G) =

s2

a′(G)D
−1
(G)a(G)

where a′(G)D
−1
(G)a(G) > 0. Substituting the solution of (A.8) into (A.7), we get:

q s2 − (2|λG|x)s +
(
|λG|x2 + da2

G

)
≥ 0 (A.9)

where q = |λG| −
[
a2

G/a′(G)D
−1
(G)a(G)

]
= δG(w′A−1w) and δG ≡ |λG|/a′(G)D

−1
(G)a(G) > 0. Thus,

x ∈ Ca′z iff there is a value of s such that (A.9) holds. The discriminant of this second degree
equation is: Δ = 4λ2

Gx2 − 4q
(
|λG|x2 + da2

G

)
= 4δGa2

G

[
x2 − d(w′A−1w)

]
.

We will now consider in turn each possible case for the signs of w′A−1w and d .
(1) If w′A−1w > 0, then q > 0 and, for any x, we can find a (sufficiently large) value of s such that
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(A.9) will hold. Consequently, Ca′z = Cw′β = R . Thus, w′A−1w > 0 entails Ca′z = Cw′β = R ,
irrespective of the value of aG (the case aG = 0 was considered at the beginning of the proof).
(2) If w′A−1w < 0 and d < 0, then q < 0 and (A.9) has a (real) solution iff Δ ≥ 0 or, equivalently,
x2 ≥ d (w′A−1w) > 0 . Consequently,

Ca′z =
]
−∞ , −

√
d (w′A−1w)

]
∪

[√
d (w′A−1w), +∞

[
, (A.10)

Cw′β =
]
−∞ , w′β̃ −

√
d (w′A−1w)

]
∪

[
w′β̃ +

√
d (w′A−1w), +∞

[
. (A.11)

(3) If w′A−1w = 0 and d < 0, (A.9) can be satisfied for any x 	= 0, hence Ca′z = R\{0} and
Cw′β = R\{w′β̃}. (4) Finally, if d ≥ 0, (A.9) is satisfied for any x (on taking s = 0), and we have
Ca′z = Cw′β = R. All possible cases have been covered.

PROOF OF THEOREM 5.3 We need to show that Ca′z = R. To see this, let λi1 and λi2 be the two
negative eigenvalues of the matrix A, and (without loss of generality) suppose a1 	= 0. For any real
x, we will show that x ∈ Ca′z , which entails that Cw′β = Ca′z = R.

If λi1 or λi2 is associated with z1 (say it is λi1), we can set the components of z such that:
(1) z1 =

(
x − ai2zi2

)
/a1 ; (2) zi = 0, for i > 1, i 	= i2 ; (3) λ1z

2
1 + λi2z

2
i2
≤ d . Since λi1 and λi2

are negative, zi2 does exist. The vector z verifies (4.4) and a′z = x, hence x ∈ Ca′z.
If none of λi1 and λi2 is associated with z1, we can set z so that: (1) z1 = x/a1 ; (2) zi = 0, for

i 	= i1, i 	= i2 and i > 1 ; (3) λi1z
2
i1

+ λi2z
2
i2
≤ d − λ1 (x/a1)2 and ai1zi1 + ai2zi2 = 0 . Since λi1

and λi2 are negative, appropriate values of zi1 and zi2 always exist, hence x ∈ Ca′z.

11



References

ANDERSON, T. W., AND H. RUBIN (1949): “Estimation of the Parameters of a Single Equation in
a Complete System of Stochastic Equations,” Annals of Mathematical Statistics, 20, 46–63.

DUFOUR, J.-M. (1990): “Exact Tests and Confidence Sets in Linear Regressions with Autocorre-
lated Errors,” Econometrica, 58, 475–494.

(1997): “Some Impossibility Theorems in Econometrics, with Applications to Structural
and Dynamic Models,” Econometrica, 65, 1365–1389.

(2003): “Identification, Weak Instruments and Statistical Inference in Econometrics,”
Canadian Journal of Economics, 36(4), 767–808.

DUFOUR, J.-M., AND J. JASIAK (2001): “Finite Sample Limited Information Inference Methods
for Structural Equations and Models with Generated Regressors,” International Economic Re-
view, 42, 815–843.

DUFOUR, J.-M., AND M. TAAMOUTI (2004): “Further Results on Projection-Based Inference in
IV Regressions with Weak, Collinear or Missing Instruments,” Discussion paper, Département
de sciences économiques, Université de Montréal.

FORCHINI, G., AND G. HILLIER (2003): “Conditional Inference for Possibly Unidentified Struc-
tural Equations,” Econometric Theory, 19(5), 707–743.

GLESER, L. J., AND J. T. HWANG (1987): “The Nonexistence of 100(1 − α) Confidence Sets of
Finite Expected Diameter in Errors in Variables and Related Models,” The Annals of Statistics,
15, 1351–1362.

KLEIBERGEN, F. (2001): “Testing Subsets of Structural Coefficients in the IV Regression Model,”
Discussion paper, Department of Quantitative Economics, University of Amsterdam.

(2002): “Pivotal Statistics for Testing Structural Parameters in Instrumental Variables Re-
gression,” Econometrica, 70(5), 1781–1803.

MOREIRA, M. J. (2003): “A Conditional Likelihood Ratio Test for Structural Models,” Economet-
rica, 71(4), 1027–1048.

PETTOFREZZO, A. J., AND M. L. MARCOANTONIO (1970): Analytic Geometry with Vectors.
Scott, Fosman and Company, Glenview, Illinois.

SHILOV, G. E. (1961): An Introduction to the Theory of Linear Spaces. Prentice Hall, Englewood
Cliffs, New Jersey.

STAIGER, D., AND J. H. STOCK (1997): “Instrumental Variables Regression with Weak Instru-
ments,” Econometrica, 65(3), 557–586.

12



STARTZ, R., E. ZIVOT, AND C. R. NELSON (2003): “Improved Inference in Weakly Identified
Instrumental Variables Regression,” Discussion paper, Department of Economics, University of
Washington, Seattle, Washington.

STOCK, J. H., AND J. H. WRIGHT (2000): “GMM with Weak Identification,” Econometrica, 68,
1097–1126.

STOCK, J. H., J. H. WRIGHT, AND M. YOGO (2002): “A Survey of Weak Instruments and Weak
Identification in Generalized Method of Moments,” Journal of Business and Economic Statistics,
20(4), 518–529.

WANG, J., AND E. ZIVOT (1998): “Inference on Structural Parameters in Instrumental Variables
Regression with Weak Instruments,” Econometrica, 66(6), 1389–1404.

13



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


