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1. Optimal mean square prediction
LetY, Xy, ..., X be real random variables irf, andX = (X, ..., Xk)’. We wish to find a function

9(X) =g(X1, ..., %)

such that
E([Y —g(X)]?) is minimal.

Given the mean square criterion, we also restiet) to be inL?:
2
E [g (X) } <.

Then it is easy to see that the optimal solution to this problem is

where
M(X)=E(Y|X).

In general,M (X) is a nonlinear function oK. The optimality ofM (X) can easily be shown on
observing that :

E{[Y_g(X)]z} = E{[Y—Eny)+E(Y!X)—g(X)]2}
= E{IY—E(Y DOPH[E(Y [ X) —g(X)]?
+2[Y = E(Y [ X)][E(Y [ X)—g(X)]}

= E{[Y— E(ny)]2}+ E{[E(Y\X)—Q(X)]z}
+ 2E{[E(Y | X)—g(X)] E[Y — E(Y | X) | X]}
2

= E{iv—E(v 0P+ E{[E(Y 1X) -9’}
from which it follows that the optimal solution is
g(X) = E(Y[X) .
The set of random variables
Mo = {Z:Z =g(X) is a random variable anél (z?) < o}
is a closed subspace bf. M (X) = E(Y | X) can be interpreted as the projectionyobn M :

E(Y | X) = Ry,Y.



2. Properties of conditional expectations
Let

Y = (Y,...,Yy),

(Za, ..., 2y,
X = Xy, ..., %)

N
Il

be random vectors whose components are dlPirBy definition,
E(\V1|X)
- E(Yz:rx>

E (Y )

and similarly fore (Z | X).
Let L2 (X) be the set of random variabléé such thatV = g(X) and E (W?) < co.

2.1 Proposition LINEARITY. LetA anmx q fixed matrix and anmx 1 fixed vector. Then

E(AY+b|X) = AE(Y|X)+b,
E(Y+Z|X) = E(Y|X)+E(Z]|X).

2.2 Proposition PosiTiviTy. IfY; >0, for i=1,...,q,then
E(Y|X)>0, for i=1...,Q.
2.3 Proposition MoNoToONICITY. IfY;>Z, for i=1 ...,q,then
EYi|X)>E(z|X), for i=1,...,q.
2.4 Proposition INVARIANCE.

E(Y|X)=Y <« Yisa function ofX
& there is a functiog (x) such thal = g(X)
with probability 1.

2.5 Proposition ORTHOGONALITY. If g;(X) € L? andg (Y) € L?,then
E{91(X)[g2(Y) —E(g2(Y) | X)]} = 0.
2.6 Proposition ITERATED CONDITIONINGS LAW. If W is a random vector such that

L2(W) CL2(X)



then
EECY[X)|W] = E[E(Y[W)][X]
= E(Y|W).

2.7 Proposition MEAN SQUARE OPTIMALITY.

4 / 2| _ ; o 2 .
E(%—EMIM)]—wﬂgafﬂﬂ—gaﬁ]ﬁ—lwnﬂ-

2.8 Proposition CHARACTERIZATION OF OPTIMALITY BY ORTHOGONALITY.  For anyi =

1...,q
hi (X) = E(Y | X) & E[g(X) (Y —hi (X))] =0, ¥g(X) € L*(X) .

2.9 Definition CONDITIONAL COVARIANCE. The conditional covariance matrix ¥fgivenX is
the matrix
VY [X)=E[(Y=E(Y [ X)(Y=E(Y[X))|X] .

If we define
eX)=Y—-E(Y|X),

we see easily that
VIE(X)] =EV(Y|X)] .

We can then write
Y=E(Y|X)+¢&(X)

whereE (Y | X) ande (X) are uncorrelated.
2.10 Proposition VARIANCE DECOMPOSITION
V(YY) = VIE(Y[X)]+V[e(X)]
= VI[E(Y|X)]+E[V(Y|X)].
3. Linear regression
Consider again the setup of Section 1. We now study the problem of findurgcton of the form
L(X) = bo+biXg+---+beX
k
= biX = b'x
2,
where

Xo = 1, b=(bo, by, ..., by (3.1)



X = (Xo,Xq, ..., X', (3.2)
such that the mean square prediction error
E{lY L)} =E[(Y=b%)?]
is minimal. In other words, we wish to minimize (with respecbjahe function
S(b) = E{[Y-bX?}
= E(Y?) - 20E(xY)+bE (xX)b.
It is easy to see that the optimal valuetahust satisfy the equation

E[x(Y-bx)]=0

or
E(xX)b=E(XY) .
If we write «
Y
Yk X«
we see that )
[ 1 EX) [Bo}:[ E(Y)
EXX) EXXX) || v E(XY) |’
hence
Bo+EX)y = E(Y) (3.3)
E(Y)Bo+E(XX)y = E(XY) (3.4)
and

Bo=E(Y)-E(X)'y.
Further, by the basic properties of the expectation operator,

E(XX) = V(X)+E(X)E(X)",
E(XY) = C(X,Y)+E(X)E(Y)

where

V(X) = E{EX—-EX)][X-EX)]'}, (3.5)
CX,Y) = E{X-EX)]Y-E(M)]} . (3.6)



By the equations (3.3)-(3.6), we then see easily that

E(X)Bo+E(X)E(X)'y = E(X)E(Y),
E(X)Bo+V(X)y+EMX)EX)y = C(X,Y)+E(X)E(Y)

hence
V(X)y=C(X,Y) .
Thus,
Bo = E(Y)-EX)y, (3.7)
VIX)y = C(X,Y). (3.8)
The function
L(X) =B+ X'y
is called the
linear regression of X on'Y
or the
affine projection of Y on X (3.9)
We write

LX) =R.(Y[X)=Bo+X'y

wheref, andy are any solution of the normal equations:

VX)y = CX.Y),
Bo = E(Y)-EX)'y.

If we denote by
e=Y-R(Y|X)

the prediction error, we see easily that:

E(e) = O,
C(X,e) = 0.

In the language of Hilbert space theory, we can also write
L(X) =RuY =R(Y|X)

where
M :TJ{laX}:§p{17Xl7 ceey Xk} .

det]V (X)] #0,



the optimal coefficient§, andy are uniquely defined :

y=V(X)C(X,Y), Bo=E(Y)-EX)y.

4. Bibliographic notes

On the properties of conditional expectations, see Gouriéroux anddvtd@P95, Appendix B) and
Williams (1991).
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