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In this text, we use the same notations and assumptions agfaui)1995).

1. Maximum likelihood estimators

1.1 Assumption LIKELIHOOD FUNCTION. Let(Z, P) be a statistical model which sat-
isfies the following assumptions:

(Al) (2, P) is ap-dominated model;
(A2) P={P:0c6O6 CRr},
(A3) L(z;0), z € Z, is the density functiofwith respect tq.) associated witlF,.

1.2 Definition MAXIMUM LIKELIHOOD ESTIMATOR . Under the assumptiorig\1) to
(A3), a maximum likelihood (ML) estimator df is any vectop € © such that

L(Z;@) =sup L (7;6).

Remark: In certain cases, there may exist several MLE s or none.

1.3 DefiniAtion MAXIMUM LIKELIHOOD ESTIMATOR OF A PARAMETER TRANSFORMA-
TION. If 0 is a ML estimator of, theny)(0) is defined as a ML estimator of(0).

2. Asymptotic properties of maximum likelihood estima-
tors

Under fairly general regularity conditions, it is possibdeshow that maximum likelihood
estimators (MLE) are consistent, asymptotically normdlistributed and efficient. The
following are simple examples of such conditions.

2.1. Consistency

In addition tol.1, let us now consider the following additional assumptions.

2.1 Assumption The random vectorg,, ..., Y, are independent and identically distributed
with densityf (y ; 0), with respect to a dominating measuje,(y), § € © C R? .

2.2 Assumption The unknown true valu@, of 0 is identifiable.



2.3 Assumption The log-likelihood function
ln(Z050) = 10g[Ln(Z,;0)] = > log f(Y;;6)
t=1

whereZ, = (Y/, ...,Y) , is continuous with respect tb

2.4 Assumption The expected value

Ellog £(1;56) = [ llog 1(y:0) £ (y360)d
exists and is finite.

2.5 Assumption The parameter spaéeis compact.

2.6 Assumption The log-likelihood function%ln(Zn;Q) converges almost surely to
{;E [log f(Y:;0)] uniformly on®.

2.7 Assumption 6, belongs to a non-empty open subse®of

2.8 Assumption There is a neighborhood @f on WhiCh%ln(Zn; ) converges almost
surely tan [log f(Y;]0)] uniformly.

2.9 Theorem FIRST MLE CONSISTENCY THEOREM Under the assumptioris1 and
2.1-2.6, there is a sequence of maximum likelihood estimators wb@hverges almost
surely tod.

2.10 Theorem SECOND MLE CONSISTENCY THEOREM Under the assumptiorisl,
2.1-2.4and2.7-2.8, there exists a sequence of local maxima of the log-likelghfunction
l.(Z, ;8) which converges almost surelyg.

2.11 Theorem THIRD MLE CONSISTENCY THEOREM Under the assumptionsl, 2.1-
2.4 and?2.7-2.8, suppose further that the log-likelihood function is diffetiable. Then
there is a sequendg , n > ng , of roots of the equation

Sp(Zy 10,) =0,

whereS, (Z,, ;0) = 0l,, (Z,;0) /00, which converges in probability t,.



2.2. Asymptotic normality

2.12 Assumption The log-likelihood function,,(Z, ;0) is twice continuously differen-
tiable in an open neighborhood &f.

2.13 Assumption The information matrix

_321nf(Yt;9o)} :/ [_aQInﬂy;eo)

Ir(6o) = £ { 9000’ 9000’

0o

] f(y 3 00)dpg

associated with the densifyy ; 0,) exists.
2.14 Assumption The information matrix s (6,) is nonsingular.

2.15 Theorem ASYMPTOTIC DISTRIBUTION OFMLE. Under the assumptionsl, 2.1-
2.4and2.7-2.14 we have

1
TS (Za;60) 5 N[0, 17 (8)

and any consistent sequerﬁ;leof maximum likelihood estimators éfhas the properties:

-~ 1
I (80) /(B = 80) = =50 (Zu:60) =2 0.

I; (60) vn(0, — 60) > N[0,1;(60)] -

n—oo

If furthermore the information matrik; (6,) is non-singular, we have

Va0, —0) %5 N0, I (60)']

n—~o0

i.e. \/n(6, — 6,) converges in distribution to the normal distributidin[0 , I; («90)*1] .

3. Tests based on ML estimators

Under the assumptions of Theor&rl5with I, (6,) non-singular, consider the null hy-
pothesis:
Hy :¢(0)=0 (3.1)

wherey (0) = (¢ (0),...,%,, (0)) is ap; x 1 differentiable function of such that

rank[P (0)] = p, for 6 € N (6,) (3.2)



whereN (6,) is an open neighborhood 6§ and

oy [0y, (0)
P(e)_w_{ 89] }l:ﬁ """ p1'

rank [P (0)] = P, for 0 € N (6y), N (6y) = open neighborhood d.
By definition

0
= %[logLn(Zn;O)]gzén:O
) =0
) = maxL,(Z,;0).

$(6)=0
=C]

To find .., we consider

L = log [Ln (Zn ) 6)] — (6)/ A

) 0vie
= % [log Ln (Zn ; 6)]9:@)2 - P(e?z) )\n
(@) = 0

= Su(Zn:0,) = P(6,) A,

UnderH, : ¢ (6y) = 0,

Vi (8,) S N[0, P(6) I (60)"" P (6)]

n—oo
1

— N % N[0,[P(60) I (60) 7 P (60)]7"]

W(0,) [P (60) Iy (B6)™ P (60)]

NP (00) Ir (00) ™" P (60) M\ 2 X% (p1)

n—oo

S|~ 3

3.1. Testcriteria
1. Likelihood ratio

LR, () = 2[log Ly(Zy;0y) —log Lo(Z:0,

(3.3)



= 2[0(Z0:10,) = 0.(Z0:0))]
= 2108 [Ln(Z0:0,) /L (20 0))] .
2. Wald o o
Wo () = n b (0n) [P (0) L1 (6n) P (0n) ] (6n) -
3. Lagrange multiplier (Rao’s score)

o ~0

ML) = N PO @) P A (3.4)
= %Sn(Zn 00) T1(8,) S0 (Za:6,)

where 0

S, (Zn:0,) = P(6,)'A, . (3.5)
4. Neyman'sC («) test_ Let «92 be any estimator such that

@ ¢(0,) =0,

(b) \/ﬁ(éz — ) has an asymptotic distributio.{ is rootn consistent un-
der Hy).

Neyman'sC' («) statistic fory (#) = 0 is

1

PO ) = 5,0 2) T (0) ' P(3))

[PV PE ) PO s z).  GE)

Whend, = 0.,
~0
PC(0, ;) = LM, (¥) .

3.2. Estimators of information matrix

Let d,, an estimator of. There are three main estimators of the information maifi) .

1. Hessian: ~
~ 104, ((9” : Zn) '



2. outer product:

"~ 1 — ~ ~ /
Iy(020)) = — > Di(0n: Yi) D6 V)

t=1
where

D(0:Y) = Sflog F(Yi:6)]
() = VID(0:Y)

3. expected information:

Under general regularity condition, L 0, entails
n—oo

plim1(6,),, = plim1;(6,) = plim1;(6,), =1 (6y) -

n—oo n—oo n—oo

Provided the latter property holds,

LR, (), Wn (¢), LM, (), PC(, ;%)

follow underH, : ¢ (0) = 0
x2 (p,) distributions

asn — 00.

(3.8)

(3.9)
(3.10)

(3.11)

(3.12)
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