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1. Formulasfor partitioned regression

y = XB+¢
= (X1, X2) (Bl) +e&
B>
= XyBy+XoBr+e (1.1)
n_ v \=1v, Bl
B=XX)"Xy= (Bz) (1.2)
where
X o Txk, X :Txky, Xo:Txky,
By : kix1,By:kexl, k=k+ko.
Br = (X{X) Xy — (X{X4)"IX{ XD~ XgM1y
by — (X{X1) X XD~ X May (1.3)
where
by = (X{X) Xy, (1.4)
My = |7 —Xo(X{X)2X], (1.5)
D = X/MiX; (1.6)
By =D XMy = (XjM1Xz) X5M1y; (1.7)
B1= (X{M2X1) XMy (1.8)
where
Mz = |1 — Xa(XgX2) X5 (1.9)

For further discussion, the reader may con consult Schmidt (19763 einelr (1977).

2. Updating formulasfor linear regressions

yt:)(éﬁ—i-gt ’ t:177T (21)

where
X kx1, (2.2)



X

vi=| 2| . ox=1"| | r=kksv..T. 2.3)
Yr X/r

br = (X/X) 7IX/Y, (2.4)

is the estimator of8 based on the firgt observations. Then the following updating formulas hold
[see Brown, Durbin and Evans (1975)] :

br:brfl‘i‘(xflxr)_lxr (Yr—X/rbrfl) ,K+1<r<T, (2.5)

(X1 %-1) 71XFX§ (X1 %-1) B .

X)) = (X aXea) T 2.6
(X %) (Xr-1%r-1) 1% (X X 1) (2.6)
Further,
V(b)=V(br1) = o*(XX)t—0* (X 1% 1)"
e (XX ) x4 X)) 2.7)

1+x (xr/flxrfl)ilxr

is a negative semidefinite matrix.

3. Orthogonal decompositions of least squares estimators

Considerﬁ andBO, respectively the unrestricted estimatorf®»find the restricted estimator Bf
under the constraiRB =r :

B = (X'X) XYy, (3.1)
Bo=B+Qr[r —RB] (3.2)

where
Qr= (X'X) 'R[R(X'X)'R] . (3.3)

Then, we see easily that

RE—r = R[B+(X'X) "Xe]—r (3.4)
= (RB—r)+Rxe (3.5)

where
Rq = R(X'X) X/, (3.6)

~

B-Bo = Qr[RB-T]



= QR[(RB —r)—i-RxE]
= Qr(RB—r)+QrRxe

= Qr(RB—T1)+Qe (3.7)
and
Bo = B+(Bo—B)
= B+ (X'X) 'X'e-Qr(RB—1)—Qe
= B+Qr(r—RB)+[(X'X) "X~ Qe (3.8)
where
Q= QrRx = QrR(X'X) X' (3.9)
Since
ReX (X'X) H=R(X'X) 1X/X (X'X) T =R(X'X) 7, (3.10)
RR = R(X'X) ' X'X (X'X) 'R = R(X'X) 'R (3.11)
and
R«Q = RxR«Qr
— R(XX)'R[R(XX)TR]TR(XX) (3.12)
- R(XX), (3.13)

it follows that

CRB—T1, By) = C(Rxe, [(X'X) "X - Q}s)
= E[Rxeg[(X'X)"
— O?R[(X'X) X - Q]’
= o?Rx[X (X'X) - Q]
— o?R(X'X) '=R(X'X) ] =0. (3.14)

and

C(B - BOv BO) = (QR[Rﬁ - r] )
= QC(RB-T,Bo) =

Thus ﬁo andARﬁ —r_are uncorrelated under the assumptions of the classical linear model, and
similarly for B, andf — . This holds even if the normality assumption or the restricifn=r



do not hold. Consequently, the identity

B=Bo+ (B—Bo) (3.15)
provides a decomposition &as the sum of two uncorrelated random vectors, so that
V(B) =V (Bo) + V(B - Bo)- (3.16)
More explicitly, we have L
B=PBo+Qr(r—RB)—Qe (3.17)
where R A
C[Bo, Qy] = C[Bo, Q¢] =0. (3.18)
An interesting special case of the latter results is the one where
y:X1Bl+X2B2+£ (319)
and the restrictions take the form
B,=0, (3.20)
with
R=10, Iy,],r =0. (3.21)
Then R A
P B1 P Bio (X X)Xy
B=| & . Bo=1| % = (3.22)
B2 *\ Bao 0
and ) . o )
31: Blo—QZORﬁ3 :Blo—onﬁz (3.23)
where .
B, = (XM1Xo) " XoMuy (3.24)

andp,is independent oB .1

1See Magnus and Durbin (1999) and Danilov and Magnus (2001) férdudiscussion.
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