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1. General distributional results

1.1 Suppose we have T observations X;, Xo, ... , Xy from a realization of a second-
order stationary process. The natural estimators of the first and second moments of the

process are: for the mean,
1 Z
Xr = T ; X,

for the autocovariances

T—k
(X: — X7) (Xewr — X7) , 1<k<T-1,

t=1

1
Ck:T

and for the autocorrelations
rr=cgfco, 1<k<T-1.

1.2 Theorem DISTRIBUTION OF THE ARITHMETIC MEAN. Let{X, :t € Z} a second-
order stationary process with mean (i, and let X = ZtT:1 X/ T. Then

(1) £ (YT) = p and X 1 is an unbiased estimator of Ju;

2) Var (Xr) = +50 yy (1- W) 5, 0

(3) ify, (k) — 0,

k—o0

Var (YT) — OandYTTm—'q& J

T—o0
(4) if the series ) ;- 7, (k) converges, then
lim T Var (YT) = Z v, (k) ;

T—o0
k=—o00

(5) if the spectral density f, (w) exists and is continuous atw = 0 , then

lim Var (YT) =27 f, (0) ;

T—o00

Xe=p+ Y e, where {u;:t € Z} ~ 11D (0,0%) ,

j=—o0



and

Z 9] < oo,

J=—0C
then
VT (Xr—p) £ N [o, PRt <k>]
and

5 mk):a?(z wj) |

k=—o00 Jj=—00

PROOF. See Anderson (1971, Sections 8.3.1 and 8.4.1) and Brockwell and Davis (1991,
Section 7.1). 1

1.3 Theorem DISTRIBUTION OF SAMPLE AUTOCORRELATIONS FOR A LINEAR STA-
TIONARY PROCESS.  Let X; = p+ > 72 tuj, where 3 72 [ih;] < oo and
{ug:t € Z} ~ IID(0,0%). If

(@) Y |55 < o0

j=—o0

or
(b) E (u}) < oo, Vt,

then the asymptotic distribution of the vector

!

T I T

is N[0, W,,] asT — oo, where p,, =7, (k) /v, (0), W,, = [wjk]j,kzl,.,.,m and

Wik = > (OnrgPhik + ProiPhsk — 2 PkPrPhsj — 2 PiPrPhik + 2 0;PPh)
h=—0o0
= Z (s + Png = 2 0500) (P + Pk — 2 Pupr)
h=1
4T T . 2
— . (0)2 [cos (wy) — pj} [cos (wk) — py] fo (W)™ dw .



PROOF. See Anderson (1971, Theorem 8.4.6, p. 489) and Brockwell and Davis (1991,
Theorems 7.2.1 and 7.2.2). 1

1.4 The expressions wj;, are called Bartlett’s formula for the covariances of the autocorre-
lations. The formula w;; may also be written

wik = (Ajk + Aok = 205 M = 2060 + 2p;0600) /76
= )\j+k + )\j,k — ij )\k - 2pk;)‘j - 2pjpk;)‘0

where

2. Special cases

2.1 ASYMPTOTIC VARIANCE. Under the conditions of Theorem 1.3, the asymptotic
distribution of /T (r), — p) is N [0, wys], where

wee = Y (Phik T PhrPhik — 4 PrPPRrk + 2 PhOR)
h=—00
= Y (0n+ PuPuyok — 4 PuPrPuik 2 PhP})
h=—0oc0
= Z (Phsr + Prok — 2 Phﬂk)2 :
h=1

For T large, VT (1, — p;,) ~ N[0, wp] .
2.2 WHITE NOISE. If

pp = 1,fork=0,
= 0, fork#0,

we find

wy = 1,ifj=k
= 0,ifj#k.



For T’ large, the sampling autocorrelations are mutually uncorrelated and
VTry ~ N[0,1] , fork>1.

2.3 MA(q) PROCESS. If p, =0, for |k| > ¢+ 1, we find
Wik = Z Ph—jPh—k = Z Pj—nPr—n = Z Pk—h+(j—k)Pk—h
h=1 h=1 h=1

k1 —(j—k)
= Z PrPht(j—k) = Z PrPhs(—k) s forj >k >q+1,
h=—c0 h=—q

hence
wjr, =0, ifk>qg+1landj > k+2q+1

_ Na—(—k)

. . (2.1)
=D h—"yq  PrPhiG-k)s Hq+1<k<j<k+2q.

In particular,

q q
Wiy = Zpizl—i—QZpi, ifk>qg+1.
h=—q h=1

3. Exact tests of randomness

3.1 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR AN i.i..d. SAMPLE. Let
the random variables X, ... , Xp be independent and identically distributed (i.i.d.) ac-
cording to a continuous distribution. Then

T -k
FE =——— forl1 <k<T-1
() = ~gpp gy fort Sh<T -1,
and B
Var (ry) < Vi,
where

o T = (k)T 4 (Th 4 16) T2 + 2 (K — Ok — 6) T — 4k (k — 4)
£ T(T —1)*(T —2)(T - 3)

if 1<k<T/2andT >3, and

(T — k) [T? = 3T — 2 (k — 2)]
T(T —1)* (T - 3)

Vi



if T/2<k<TandT >3.

PROOF. See Dufour and Roy (1985). 1

3.2 Fork =1, we find

E(r)=-1/T,
T—2
Var (r)) < T =1

By Chebyshev’s inequality,

Pl — B (rp)| > A < YO8 Vi

A2 T
3.3 Theorem EXACT MOMENTS OF AUTOCORRELATIONS FOR A GAUSSIAN 7.7.d. SAM-
PLE. Let Xy,..., Xt be i.i.d. random variables following a distribution N [u1, o] distri-

bution. Then
(T — k)

T(T —1)
T — (k+3)T3 + 3kT? + 2k (k + 1) T — 4k*
(T+1)T2(T — 1)

E(ry) =— ,forl1 <k<T-1,

Var (ry) =

forl1 <k <T/2andT > 3 ,and

(T —k)(T —2)(T*+ T — 2k)

Var (ry) = T+ 1) T2 (T —1)

forT/2 <k <T andT > 3. Furthermore, for1 <k <h<T —1,

2[kh (T — 1) — (T — h) (T — k)]
(T+1)T2(T —1)°

Cov (rg, ) =

ifl <h+k<T,and

2(T — h) 2k — (k4 1) T]
(T+1)T2(T —1)°

Cov (rg, ) =

ifth+k>T.

PROOF. See Dufour and Roy (1985). 1



3.4 For T large, we have
_E u
m—% L N(0,1) .
(Var (ry)]

In small or moderately large samples, the normal approximation is much more accurate
when the formulae for E (r;) et Var (r;) given by Theorem 3.3 are used, rather than
E (rg) =0et Var (ry) = 1/T; see Dufour and Roy (1985).
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